A localized approximation was developed to calculate the bending electric force acting on an electrified polymer jet, which is a key element of the electrospinning process for manufacturing of nanofibers. Using this force, a far reaching analogy between the electrically driven bending instability and the aerodynamically driven instability was established. Continuous, quasi-one-dimensional, partial differential equations were derived and used to predict the growth rate of small electrically driven bending perturbations of a liquid column. A discretized form of these equations, that accounts for solvent evaporation and polymer solidification, was used to calculate the jet paths during the course of nonlinear bending instability leading to formation of large loops and resulting in nanofibers. The results of the calculations are compared to the experimental data acquired in the present work. Agreement of theory and experiment is discussed.
I. INTRODUCTION
Electrospinning of polymer solutions and melts is a promising process for manufacturing fibers with crosssectional diameters of about 10 2 nm. 1 Mechanics of this process deserve a special attention, since there is an urgent need for predictive tools to develop deeper understanding and optimization. As was shown in a recent publication of this group, 2 the bending instability of electrified polymer jets plays a central role in the electrospinning process. This relates the electromechanical aspects of the process to the pioneering studies of Taylor 3 of the instabilities of electrified liquid jets of low-molecular mass Newtonian liquids. In particular, Taylor 3 recognized that bending instability can occur, and derived a characteristic equation for small bending perturbations of an inviscid liquid column.
Discretized equations describing the dynamics of the bending instability of electrified jets of polymer solutions were proposed and solved in Ref. 2 . In the present work we elucidate the relation of these equations to the quasi-onedimensional partial differential equations of the dynamics of thin free liquid jets. The latter were proposed and used mainly in the studies of the aerodynamically driven bending instability of liquid jets moving in air with high enough speed. 4, 5 The main difference between the electrically and aerodynamically driven instabilities is in the nature of the destabilizing force. In Sec. II of the present work we introduce a localized approximation leading to a very simple expression for the bending force acting on the jet due to mutual Coulomb interactions. Using this force, in Sec. III we formulate the continuous quasi-one-dimensional partial differential equations of the dynamics of bending electrified jets. We also show how these equations correspond to the discretized equations used in Ref. 2 .
In Sec. IV we present the expressions for the growth rate and the wavelength of small electrically driven bending perturbations of an electrified liquid column. In Sec. V solvent evaporation and the related solidification processes are accounted for. Examples of calculations are shown, discussed and compared with experiment in Sec. VI. Conclusions are drawn in Sec. VII.
II. LOCALIZED APPROXIMATION
In the dynamics of thin vortices in fluids the localizedinduction approximation is widely used to describe velocity induced at a given vortex element by the rest of the vortex line. [6] [7] [8] [9] [10] A similar approach may be used to calculate the electric force imposed on a given element of an electrified jet by the rest of it. Consider an enlarged element of a curved jet shown in Fig. 1 . We assume that the arc length is reckoned along the jet axis from the central cross section of the element where ϭ0. We denote the coordinates reckoned along the normal and binormal by y and z, so that the radius vector of point A on the surface of the element R OA ϭynϩzb. The radius vector of point B at the jet axis close enough to the element considered is thus given by
where k 0 is the curvature of the jet axis at point O and is a unit tangent vector. Therefore unit jet length by eϭ2a⌬e. Then the Coulomb force acting at a surface element near point A from the jet element situated near point B is given by
where is the polar angle in the jet cross section. Substituting Eq. ͑2͒ in Eq. ͑3͒ and accounting for the fact that yϭa cos , and zϭa sin , we obtain from Eq. ͑3͒ 
͑4͒
For a thin jet, as a→0, all the terms containing a in the numerator of Eq. ͑4͒ can be safely neglected, also in the denominator the term a•cos ͉k 0 ͉ 2 is negligibly small as compared to 2 . Then using Eq. ͑4͒ we calculate the electric force acting on a particular element of the jet, assuming that the length of the element is 2L, with L being a cutoff for the integral, to be determined later on
The latter yields
The force in the axial direction obviously cancels, whereas the force becomes
͑7͒
This shows that the net electric force acting on a jet element is related to its curvature kϭk 0 , and acts in the normal ͑lat-eral͒ direction to the jet axis. The magnitude of the net force acting on a jet element due to the action of the surface tension forces is equal to
where is the surface tension coefficient. Therefore, the net normal ͑lateral͒ force acting on a jet element is given by the sum of the electric and surface tension forces, Eqs. ͑7͒ and ͑8͒, as
͑9͒
The cutoff length L is still to be found. It will be done below in Sec. IV.
III. CONTINUOUS QUASI-ONE-DIMENSIONAL EQUATIONS OF THE DYNAMICS OF ELECTRIFIED LIQUID JETS
For very thin jets we can neglect, in the first approximation, the effect of the shearing force in the jet cross section, as well as the bending stiffness ͑Ref. 5, p. 49͒. If we use a Lagrangian parameter s ''frozen'' into the jet elements, then the momentless quasi-one-dimensional equations of the jet dynamics ͑Ref. 5, Eq. ͑4.19͒ p. 49͒ take the form
Equation ͑10a͒ is the continuity equation with being the geometrical stretching ratio, so that dsϭd, and f ϭa 2 the cross-sectional area. Subscript zero denotes the parameter values at time tϭ0. Equation ͑10b͒ is the momentum balance equation with being the liquid density, V its velocity, P the longitudinal force in the jet cross section ͑of viscoelastic origin in the case of electrospinning of polymer jets͒, gk gravity acceleration, U 0 /h the outer field strength ͑the outer field is assumed to be parallel to the unit vector k, with U 0 being the value of electrical potential at the jet origin, and h the distance between the origin and a ground plate͒. It is emphasized that on the right-hand side of the momentum Eq. ͑10b͒ we account for the longitudinal internal force of rheological origin acting on the jet ͑the first two terms͒, the gravity force ͑the third term͒, the bending electrical force and the stabilizing effect of the surface tension ͓the fourth term following from Eq. ͑9͔͒, and for the electric force acting on the jet from electric field created by the potential difference of the starting point of the jet and the collector. Equations ͑10͒ are supplemented by the kinematic relation
where R is the radius vector of a point on the axis of the jet. Introducing the Cartesian coordinate system associated with a capillary ͑the jet origin͒ or a ground plate, with unit vectors i, j, and k, and accounting for RϭiXϩjY ϩkZ, ͑12a͒
Vϭiuϩjvϩkw, ͑12b͒
we obtain from the projections of ͑10b͒ and ͑11͒ the following system of scalar equations:
The following geometric relations should be added: . ͑14h͒
Also assuming the simplest version of the upper-convected Maxwell model of viscoelasticity properly fitted to describe uniaxial elongation, 2,5 we obtain the equation for the normal stress in the jet cross-section
where G is the modulus of elasticity, and the viscosity, and
͑16͒
Then the longitudinal force P is given by
It is emphasized that in Eq. ͑17͒ there actually should stand the normal stress difference Ϫ nn instead of . However, in strong uniaxial elongational flows ͑electrospinning is an example of such flow͒ the axial component ӷ nn , and the latter can be neglected. A detailed proof of this fact can be found in Ref. 11 . Also the equation of the charge conservation in a jet element holds
The system of the equations presented in this section allows one to find the jet configuration in space at any moment of time. It is emphasized that the equations used in Ref.
2 to calculate the jet evolution in electrospinning represent a discretized form of those presented here. In Ref.
2 the equations were derived considering the jet to be a locus of inertial electrically charged beads connected by the spring and dashpot viscoelastic elements. The only difference is in the fact that here the bending electric force is calculated using the localized approximation with an appropriate cutoff of the integral ͑cf. Sec. II͒, whereas in Ref.
2 the whole integral responsible for the electric force was accounted for in the discretized form.
IV. GROWTH RATE AND WAVELENGTH OF SMALL BENDING PERTURBATIONS OF ELECTRIFIED LIQUID COLUMN
In Refs. 4 and 5 the theory of the aerodynamically driven jet bending was described. In that case, due to the jet curvature, a distributed lift force acts on the jet ͑as a consequence of the Bernoulli equation for air flow͒, which enhances perturbations and makes the perturbations grow. The aerodynamic bending force per jet length d in the case of small bending perturbations is given by 4, 5 
where a is the air density, V 0 is the jet velocity, and a 0 the jet cross-sectional radius which does not change for small perturbations. This force is the only difference between the aerodynamic-and electric-driven bending. Comparing Eq. ͑7͒ ͑with eϭe 0 ) with Eq. ͑19͒, we see that all the results obtained in Refs. 4 and 5 for the aerodynamic bending may also be used here in the case of electric bending, if one replaces the factor a V 0 2 by e 0 2 ln(L/a 0 )/a 0 2 . Dynamics of small bending perturbations was studied in Refs. 4 and 5 accounting for the shearing force and moment in jet cross section ͓thus, accounting for the bending stiffness in the equations generalizing Eq. ͑13͔͒. For example, the case of viscous Newtonian fluid was considered. We recast these results here for the case of an electrified liquid column of Newtonian fluid of viscosity . This, in particular, generalizes the results of Taylor 3 to the viscous case, and allows us to find the cutoff length L.
Recasting the results of Refs. 4 and 5, we find that the destabilizing electric force overcomes the stabilizing effect of the surface tension if
If we assume a 0 ϭ0.015 cm, and the jet charge of 1 Coulomb/l, then e 0 ϭ2120. Based on the results of Refs. 4 and 5, it also follows that the bending perturbations of highly viscous liquids grow much faster than the capillary ones ͑driven by the surface tension͒, if the condition
For the values of the parameters used in the present section, the left-hand side of Eq. ͑25͒ is equal to 90.7, which shows that the inequality ͑25͒, indeed, holds. Therefore such a jet bends with a nearly constant radius.
V. EVAPORATION AND SOLIDIFICATION
In Ref. 2 calculations of the bending polymer jets in the electrospinning process were done neglecting evaporation and solidification effects. We account for them in the present work.
In Ref. 12 the following correlation is given for the Nusselt number for a cylinder moving parallel to its axis in air: The initial mass of polymer in a jet element is given by
where c p0 is the initial polymer mass fraction. The variable solvent content in the element is
which corresponds to the solvent mass fraction
The solvent mass decreases due to evaporation according to the equation Solvent mass decreases until the solvent mass ratio defined by Eq. ͑32͒ becomes small enough ͑say, c s ϭ0.1), at which point the evaporation part of the calculation is stopped and viscosity remains at a constant value. This cutoff can be rationalized by the assumption that further evaporation is reduced because the diffusion coefficient of solvent in the remaining polymer is small. When evaporation is accounted for as per Eq. ͑34͒, the left-hand sides of the equations ͑10b͒, and ͑13a͒-͑13c͒ become, respectively
Also the gravity term in ͑13c͒ should contain f instead of f 0 0 , since due to evaporation f is not equal to f 0 0 anymore.
If the discretized version 2 of the model is used, in Eq. ͑34͒ is replaced by the distance between two adjoining beads.
The local polymer mass ratio in the jet is given by
We account for the solidification process due to solvent evaporation by employing the following correlation for the viscosity dependence on polymer concentration: 
VI. RESULTS AND DISCUSSION

A. Jet path calculated for the electrically driven bending instability accounting for evaporation and solidification
As was shown in Ref.
2 the qualitative pattern of the jet behavior in the electrospinning process can be drawn without accounting for evaporation and solidification. Only a quantitative comparison can be made for the solidification. Such a comparison is the aim of the present section. Also, a comparison between the results obtained with and without account for evaporation and solidification will be made here.
Calculations of the present work were done for an aqueous solution with initial 6% concentration of poly͑ethylene oxide͒ studied experimentally in Ref. 2 3 kg/͑m s), the initial relaxation time 0 ϭ10 ms, the charge density 1C/l, the distance to the collecting plate h ϭ20 cm. In the calculations of the present work we took the field strength U 0 /hϭ1.5 kV/m. In the experiment, the electric field was 50 kV/m. The values of the dimensionless groups introduced in Ref. 2 are now based on the initial values of the dimensional parameters and are equal to Q ϭF ve ϭ78 359.57, Vϭ47.02, Aϭ17.19, K S ϭ100 and H ϭ626.88, whereas L el ϭ0.319 cm. We also take a humidity of 16.5%, c sϱ ϭ0.165, and a temperature of 20°C. The best representation of the envelope cone of the bending loops ͑see below͒ was found at Bϭ7 and mϭ0.1 in the solidification law ͑37͒, ͑40͒ and ͑41͒, which agrees with the estimates known from literature and those discussed in the previous section. These values were used in the present calculations. Figure 2͑a͒ shows the path of the jet calculated accounting for evaporation and solidification, whereas Fig. 2͑b͒ was calculated without accounting for these effects. Due to evaporation and solidification each loop of the jet becomes more viscous with time, and its elastic modulus increases. As a result, the bending stiffness increases, and the radius of the bending loops in Fig. 2͑a͒ ͑with evaporation and solidification͒ is smaller than that of Fig. 2͑b͒ ͑without evaporation and solidification͒. The radius of the bending perturbations of the jet calculated accounting for the evaporation and solidification effects is comparable with that found in the experiment ͑cf. Fig. 3͒ , which is illustrated in the following subsection.
B. Envelope cone
Shape of the envelope cone can be easily seen by a naked eye, or using a camera with long exposure time ͑cf. Fig.   FIG. 2 . ͑a͒ Jet path calculated accounting for evaporation and solidification. ͑b͒ Jet path calculated without accounting for evaporation and solidification.
4͒. The two bright lines bifurcating in Fig. 4 from a point emphasized by the arrow resulted from specular reflection of light from segments near the maximum lateral excursion of each loop. Each loop moved downward during the long exposure time of the camera and created the bright lines seen in Fig. 4 , which define the envelope cone of the bending jet during the electrospinning process. For comparison with the results of the calculations, the generatrix of the envelope cone in Fig. 4 is also represented in Fig. 5 .
The calculations showed that evaporation and solidification have a strong effect on the predicted shape of the envelope cone. Two theoretical curves: without evaporation and solidification, and with this effect accounted for (mϭ0.1) are presented in Fig. 5 . It is clearly seen that the result accounting for evaporation and solidification agrees fairly well with the experimental data.
The envelope visible in the experiment does not extend beyond a radius of about 3 cm, whereas the theory allowed for the further growth of radius until 10 cm. The reason may be that after the jet had solidified in the experiment, it became much more rigid, i.e., unstretchable. On the other hand, in the theoretical calculations the solidified jet is still described as a liquid ͑albeit highly viscous, with a high elastic modulus͒, which still allows for some additional stretching. Actually, the comparison in Fig. 5 shows that the calculations should be stopped as the radius of the envelope cone has achieved the value of 3-4 cm.
C. Jet velocity
Downward velocity in the electrified jet was measured by following the downward motion of a loop. The compari- 
D. Elongation and drying of the jet
The theoretical results suggest that stretching of material elements along the jet makes it possible to achieve very high draw ratio values in the electrospinning process. In the calculation the initial distance between two successive beads was 3.99ϫ10
Ϫ4 cm, whereas the final distance between the same two beads was 13.92 cm. Assuming that the initial polymer concentration in the jet was 6%, the cross-sectional radius of a dry fiber (a f ) after elongation and solvent evaporation have been completed is related to the initial radius of the jet (a 0 ) by the material balance equation Ϫ4 cm, as mentioned above. The time interval covered by Fig. 7 is 6 .5 ms. The corresponding draw ratio is shown in Fig. 8 versus the vertical distance of the segment from the tip. It is instructive to see the envelope cone, too ͑the dashed line in Fig. 8͒ , since it shows where the draw ratio grows. Along the straight part of the jet, which is about 6 cm long, the draw ratio achieves a value of about 1000. In the bending loops inside the envelope cone the draw ratio increases, by another factor of 25, to the value of 25 000. Without evaporation and solidification in the model, the draw ratio extracted from the calculation in Ref. 2 increased very rapidly, as shown in Fig. 8 . 
E. Viscosity profile in the bending jet
The distribution of the viscosity along the jet at t ϭ6 ms is shown by the solid line in Fig. 9 . Viscosity slowly increases along the straight part of the jet. When bending perturbations begin to grow rapidly, velocity of the motion increases, and the evaporation process strongly intensifies. It is clearly seen when comparing the viscosity profile with that of the envelope cone shown in Fig. 9 by the dashed line. Fast evaporation strongly increases the polymer fraction in the jet, which leads to solidification manifested by the appearance of the high viscosity plateau at a distance of about 2 cm from the beginning of the envelope cone. The calculation showed that at the beginning of the viscosity plateau, nanofibers have already been formed, since the cross-sectional radius of the fiber is already reduced to about 640 nm.
VII. CONCLUDING REMARKS
The localized approximation introduced in the present work utilized a far reaching analogy between the electrically driven bending instability in the electrospinning process and the aerodynamically driven bending instability studied before. 2, 4, 5 The quasi-one-dimensional partial differential equations of the jet dynamics that describe the course of electrospinning were established. It was shown that the equations derived in Ref. 2 represent a discrete form of the partial differential equations derived in this article.
Based on the partial differential equations of the jet dynamics, the growth rate and the wavelength of the electrically driven bending perturbations of a viscous liquid column were calculated and the conditions characterizing the onset of such perturbations were elucidated.
In Ref.
2 the bending instability of jets in electrospinning responsible for the formation of nanofibers was explained as a particular case of a very general basic instability of a system of charged particles corresponding to Earnshaw's theorem. The quantitative description of Ref. 2, however, lacked the effects of solvent evaporation and solidification of the polymer jets leading to formation of dry nanofibers. In the present work a description of the evaporation and solidification was added to the model of Ref. 2. As a result, a reasonably quantitative description of the experimental data was achieved, which allowed us to calculate the shape of the envelope cone which surrounds the bending loops of the jet in the course of electrospinning. Also, the downward velocity of the jet can be calculated to be within an order of magnitude of the observed velocity. The theoretical results also allow for the calculation of the elongation of material elements of the jet. The calculated results also illustrate the increase in viscosity of segments of the jet as the solvent evaporates during the course of electrospinning.
It is emphasized that presently, information on the rheological behavior of polymer solution being elongated at the rate and other conditions encountered during electrospinning is rather scarce. Data on evaporation and solidification of polymer solutions in the electrospinning process are practically unavailable. Therefore at present a number of the parameters in this calculation can only be estimated by the order of magnitude, or found from experimental observations of the electrospinning process. Material science data acquired for the electrospinning process will allow researchers to avoid such obstacles in future. Also, a more detailed description of the nature of the solvent ͑in this case, mixture of water and ethanol with a variable evaporation rate͒ may be very helpful for a further upgrading of the present model.
